We derive the equations for a thin, axisymmetric elastic shell subjected to an internal active stress giving rise to active tension and moments within the shell. We discuss the stability of a cylindrical elastic shell and its response to a localized change in internal active stress. This description is relevant to describe the cellular actomyosin cortex, a thin shell at the cell surface behaving elastically at a short timescale and subjected to active internal forces arising from myosin molecular motor activity. We show that the recent observations of cell deformation following detachment of adherent cells (Maître J-L et al 2012 Science 338 253-6) are well accounted for by this mechanical description. The actin cortex elastic and bending moduli can be obtained from a quantitative analysis of cell shapes observed in these experiments. Our approach thus provides a noninvasive, imaging-based method for the extraction of cellular physical parameters.
Introduction
Living systems have the ability to generate internal forces from the energy provided by adenosine triphosphate (ATP) consumption. Inside the cell, the main generator of forces are molecular motors binding to networks of filaments forming the cytoskeleton. The cellular actin cortex is one of the essential cytoskeletal structures: it is a thin shell of actin filaments and molecular motors connected to the cell membrane, playing an essential role in controlling cell shape [1] .
Actin filamentous networks are generally viscoelastic, with elastic properties at short timescales and viscous properties at long timescales, as the network rearranges and dissipates stresses. We discuss here the properties of the actin cortex in the limit of short time scales, for which actin networks behave elastically. For the sake of simplicity, we assume that the network elastic material properties are isotropic. The actin cortex can then be represented by an active elastic material, whose constitutive equation for the stress can be written for small deformations [2] σ ν
such that the stress has two contributions: the first part is an elastic stress arising from the symmetric part of the deformation gradient αβ a , and the second term ζ αβ is an internal stress arising from active processes in the material. The elastic stress depends on the Youngʼs modulus E and the Poisson ratio ν of the filamentous network. The Poisson ratio has to take values between −1 and 1 2 for the undeformed material to be stable. The active stress ζ αβ arises from out-of-equilibrium cellular processes consuming ATP. In cellular actin networks, myosin molecular motors, which hydrolyze ATP and use the released energy to slide actin filaments with respect to each other, are the key examples of processes that introduce active stresses. The active stress is introduced in addition to the passive elastic stress and depends on the chemical potential of ATP hydrolysis Δμ; we refer the reader to [2] for a detailed derivation. In addition, ζ αβ in general has an isotropic and an anisotropic part. The latter reflects local anisotropies in the material, such as filament ordering, which is characterized by a nematic-order parameter.
In this paper, we consider a thin shell made of an active elastic material, following the constitutive equation (1) . A thin shell has negligible thickness compared to characteristic transverse-length scales, and is represented in a thin shell theory by a two-dimensional surface. To reduce the 3D equations for the deformation of the material in the shell to the 2D equations for the surface shape, assumptions on the deformations occurring in the thin shell cross-section are required. We follow the hypothesis of the Love-Kirchhoff theory: transverse normal stresses are negligible, and points on a straight line normal to the surface before deformation are on a straight line normal to the deformed surface after deformation [3] . Forces acting in the three-dimensional bulk of the shell give rise to tensions and moments acting on the twodimensional shell cross-section. Equation (1) states that the stress within the shell material is the sum of an elastic and an active stress; therefore, the resulting tensions and moments can also be separated into elastic and active contributions. Passive elastic shells have been extensively studied [3, 4] , and we focus here on the effects introduced by the active tensions and moments in the shell. Because these forces act internally in the bulk of the material, they generate deformations that are different from those induced by external forces acting on the boundary of the shell.
In the last section of the paper, we apply this theory to describe cell deformations of adhering zebrafish embryo cells. We use image analysis to extract geometrical parameters characterizing the cell deformation. Using a fitting procedure to compare these measurements with theoretical deformation profiles, we extract the elastic and bending moduli of the cell cortex, which are key parameters of the cell mechanics. The strength of this method is that it allows for nonperturbative measurements, where information is obtained by analyzing the shapes of cells.
The paper is organized as follows. In section 1, force and torque balance equations are derived for an active elastic shell in the framework of differential geometry. These equations are then obtained in the special case of an axisymmetric surface. To gain insight into the effect of active terms, we consider the stability of a cylinder under internal tension and its response to a localized increase of active tensions or moments. In section 2, we apply this model to the analysis of the shape of three adhering cells and the cell deformation resulting from the disruption of the contact between two of the cells. We show that the predicted shapes obtained with the active shell theory reproduce experimental observations, and we extract from fits of experimental cell deformations a value for the cortex stretching modulus and cortex thickness.
Derivation of shell theory with active tensions and moments

Tensions, moments, and force and torque balance
We start by deriving constitutive equations for the tensions and moments within an active elastic shell, following the assumptions detailed in the introduction. We use notations from differential geometry, with lower indices denoting covariant coordinates and upper indices denoting contravariant coordinates. Indices can be raised or lowered by contraction with the surface metric tensor g defined in equation (A.2). We denote with indices (i, j) the coordinates on the shell surface and with greek letters α β γ ( , , ) the 3D coordinates. Partial derivatives are denoted ∂ i and covariant derivatives are denoted  i . We consider a two-dimensional surface parametrized by two coordinates s s X( , ) 1 2 (figure 1(A)). The two local tangent vectors are denoted e 1 and e 2 , the normal vector to the surface is n, g ij is the metric tensor, and C ij is the curvature tensor (appendix A).
The surface is assumed to be subjected to internal tensions and moments. Considering a curve drawn on the surface s X( ) with local tangent vector τ = ∂ s X( ) s and normal vector τ ν = × n , the force f and torque Γ acting on a section of the curve in between s and + s ds is related to the tension and moments t and m by
i i i i with | | ν ds the length of the section ( figure 1(B) ). Decomposing t i and m i in to tangential and normal components yields the definition of the tension and moment tensors 
with ϵ ij the Levi-Civita tensor defined such that ϵ ϵ = = 0 11 22 and ϵ ϵ = − = g 12 21 (appendix A). These equations correspond, respectively, to force balance parallel and normal to the local plane tangent to the surface, and moment balance parallel and normal to the local tangent plane. σ n out and σ n in are the external stresses acting on the shell from the medium inside and outside the shell, and we assume that no external torque density acts on the surface. In this paper, we consider physical situations where t i j is a symmetric tensor and where m ij is the product of a symmetric tensor with the Levi-Civita tensor (appendix B). We now consider a thin layer of material whose constitutive equation is given by equation (1) , and derive the tensions and moments in the thin shell. We assume that the thin shell has a thickness h, and z denotes the transverse coordinate going across the z direction in the shell, 
2 . (B) Forces and moments acting in the shell: a tension tensor t and a moment tensor m are introduced such that the force acting on a segment of the shell with length ds normal to ν is given by ν ds t i i , and the torque acting on the segment is given by ν ds m i i . (C) Schematic illustrating how stresses acting within the shell result in tensions and moments acting along the thin shell surface.
with z = 0 in the middle of the shell. Tensions and moments are obtained by integrating the force and torques acting on an infinitesimal cross-section of the shell of length ds and normal vector ν (figure 1(C)): where r is a vector spanning the shell cross-section and ν z ( ) is the local vector on the crosssection at position z, with ν ν = (0)
. Because the total stress acting inside the shell has contributions from the elastic and active stresses (equation (1)), the tensions and moments are also the sums of the elastic tensions and moments t e and m e and the active tensions and moments t a and m a :
e a
To obtain the expression of the elastic tensions and moments, X is defined to be the reference surface, i.e., the surface configuration in which elastic stresses exerted in the shell vanish. The elastic tensions and moments are then obtained by writing that the surface X is deformed to a new surface = + ′ s s X X u( , ) 1 2 , where u is the vector of deformation of the shell (figure 1(A)). To first order in the deformation u, the surface ′ X has a modified metric tensor
is the 2D strain of the surface X, and a modified curvature tensor
Note that c i j is defined as the difference of the curvature tensors in mixed coordinates, and in general,
ij . To obtain the 3D strain of the shell from the expression of u ij and c ij , we follow the Love-Kirchhoff approximation for thin shells [3] : the surface X is defined to be the middle surface of the shell, points on normals of the initial surface lie on normals to the deformed surface after deformation, and the transverse normal stresses σ iz are negligible, because the shell is in contact with a viscous fluid that, at steady state, is at rest. As a consequence, for thin shells, internal shear stresses acting parallel to the surface of the shell are small compared to internal stresses that compress or extend the mean surface [6] .
With these assumptions, the 3D deformation in the shell is given by ϵ = − u zc ij ij ij . From this expression, the elastic tensions and moments can be obtained using the derivation detailed in appendix B: its bending modulus.
We now proceed to obtain the active contribution to tensions and moments t a and m a . These quantities will, in general, depend on the profile of active stress within the shell. We assume here that the shell is subjected to the active stress with α n the components of the vector normal to the surface so that the active stress is assumed to act along the directions parallel to the shell, both in the reference and deformed configuration. In the cell cortex, such a stress distribution can be generated, for instance, by filaments oriented parallel to the surface of the cell [7] . ζ z ( ) a is the active stress profile perpendicular to the midsurface of the shell. Tensions depend on the integral of the stress profile along the cross-
. For simplicity, we assume here that the stress profile is linear within the shell, such that the active stress profile can be written
. This expression can also be seen as an expansion to first order in z of the active stress profile. With this assumption, we obtain the following tension and moment tensors: With the earlier simplification, the active tension and moment tensors take a remarkably simple form, with the tension tensor being proportional to the metric and the moment tensor proportional to the Levi-Civita tensor, with m ij a antisymmetric. With the specification of boundary conditions, the equations for the shape of an elastic shell subjected to active tensions and moments can be obtained from the set of equations (4)- (7) and (11)-(14). 
aij a
In the previous expression, m a has the dimension of a torque per unit length; the components of m ij a , however (as well as the components of m i j a and m ij a ), do not necessarily have dimension of a torque per unit length because cylindrical coordinates are not Euclidean.
2.2.2.
Deformations away from an undeformed state under homogeneous active tension. We assume that the shell has a reference state with no elastic stress, but is subjected to an uniform active tension t a . Such a state would be reached in the long time limit for a viscoelastic fluid subjected to active stress. We also assume that the shell is in contact with a fluid exerting a uniform pressure P in and P out , respectively, inside and outside the shell. The shell equilibrium equation in the undeformed state then reads: a , can all lead to a deformation of the surface. A local modification of the active stress could be caused, for instance, by a change in the concentration of molecular motors giving rise to active stresses [7, 9] . The force balance in equations (4)-(6) can then be rewritten for the total stress = + t t t e a (ignoring the normal moment balance equation, which is automatically satisfied for the axisymmetric shell):
where the metric ′ g , curvature tensor ′ C and covariant derivatives  ′ are now taken on the deformed surface and are, therefore, functions of the initial surface shape defined by r(s), z(s), as well as the deformation u. We only consider here small deformations, and equations (25)- (27) can, therefore, be expanded to linear order in the deformation. For the axisymmetric case, these equations read and equation (7) identically vanishes. This system can be reduced to a system of two equations by eliminating t n s between equation (29) and (30) . Expliciting the elastic tensions and moments from equations (20) and (21) then gives rise to a differential equation of the form δ ψδ where the coefficients a i , b i , c i and d i are given in appendix E. One can verify that equations (31) and (32) have total order 6 and their resolution, therefore, requires us to specify six integration constants. By specifying the moments and forces on the shell boundary, six additional conditions can, in principle, be obtained; the requirement that the total force acting on the shell be zero removes one of these boundary conditions, leaving us effectively with five boundary conditions. Eliminating deformations corresponding to a pure translation of the shape removes one additional integration constant, allowing us to solve for the deformed shape.
Green function for the deformation of a cylinder
To gain physical insight into equations (28)-(30), we now consider the stability and response to a perturbation of an infinite elastic cylindrical shell. An undeformed infinite cylindrical shell is under equilibrium for a uniform distribution of active tension t a and active moment m a , but the equilibrium can be unstable. The stability phase diagram of the shell is plotted in figure 3 . The shell stability depends on the active tension t a , but not on the active moment m a . For large positive active tension ν
, an instability occurs at large wavelengths, for → q 0. This instability is related to the Plateau-Rayleigh instability caused by surface tension in fluids [10] , and its threshold does not depend on the bending modulus B, so that an infinitely long stable cylinder with positive active tension t a is stable only for a large enough elastic modulus of the shell. For a sufficiently large negative tension, on the other hand ( < t 0 a ), a buckling instability occurs at the critical compressive threshold for buckling of a cylindrical elastic shell; for small bending modulus, the instability occurs for an active tension 2 . Therefore, the cylindrical shape is stable only for intermediate values of the active tension t a . The diagram we obtain has similarities with the stability diagram of [11] , where the elasticity of a substrate surrounding the shell plays the role of the shell-stretching elastic modulus introduced here.
We now consider the deformation of an infinite cylindrical shell triggered by a perturbation in active tension or active moment in the stable region of the diagram. Because the equations for the deformations are linear, this procedure allows us to compute the Green function, giving the shell deformation induced by a local point force. Considering a perturbation occurring either in the directions s or ϕ: For small tension t a , the deformation decays with a length scaling as hR , whereas for large tension, it decays with a length proportional to
, which diverges when the shell becomes unstable to a Plateau-Rayleigh instability (appendix D). The magnitude of the perturbation depends on the nature of the perturbation applied. As one might expect, an increase in the azimuthal tension ϕ t a induces a radial constriction of the cylinder. An increased tension along the axis of the cylinder t s a , however, induces a compression in the plane and a radial expansion of the shape (figure 3). In the limit of small bending modulus
, with w the width on which the perturbation is applied and δt a its magnitude.
A local increase in active moment induces a deformation in the cylinder oriented toward the outside of the cylinder when 
Active shell theory applied to cell shape changes upon cell-cell contact disruption
In this section, the theory of active axisymmetric shells is applied to the analysis of experiments performed on zebrafish germ-layer progenitors [13] . Progenitors of the three distinct germ layers-ectoderm, mesoderm, and endoderm-form during gastrulation, a developmental process that is conserved among most animals. The formation of distinct layers is thought to rely on the ability of cells to form cell-cell contacts, which depend on cellsʼ contractile and adhesive properties [12, 14] . Using a dual micropipette aspiration assay [15, 16] , we have previously studied the adhesive properties of zebrafish germ-layer progenitors [13] . We use here a similar experimental setup and investigate cell shape changes during the mechanical separation of a cell-cell contact. In a cell-triplet assay, three ectoderm progenitors are brought into contact to form a linear aggregate (figure 5(A) and appendix G). Within five minutes of contact time, the cell shapes and the contact regions reach a stationary size. The two cells on the outside of the cell triplets (side cells) are aspirated into two micropipettes, which are positioned such that the cell triplet is kept under tension (figure 4(A)). One of the two micropipettes is then pulled away with a velocity of 20 μ − m s 1 , such that one of the side cells is detached from the cell triplet. Within 10 s after detachment, the former contact zone of the middle cell forms a bulge reaching a steady-state configuration for about one minute ( figure 4(B) ). The bulge results from the decrease in cortical tension in the adhesion zone following contact formation: consistent with this, cortical actin and myosin concentrations are reduced at the contact [1] . To study the mechanical properties of zebrafish progenitor cells, we decided to apply our theoretical model to describe the cell shape reached after detachment. We show here that the active shell theory accounts well for the middle cell deformation following detachment of the side cell. Comparison of theory with measurements of the cell shape further allows us to extract key cellular mechanical parameters characterizing the active tension and cell elasticity.
Precise analysis of overall cell shape is difficult in these experiments because isolated zebrafish progenitors display continuous blebbing at their surface ( figure 5(A) ). Instead, a few key geometrical parameters characterizing the shape of cell doublets and cell triplets were extracted from experiments (figure 4). Two frames per experiment are used for geometrical measurements: the first one just before the pipette is pulled is used to characterize the shape of the three adhering cells, and the second frame, after cell detachment and once the bulge has reached its maximum size, is used to characterize the shape of the bulging cell. Table 1 reports the mean and standard deviation from measurements on N = 10 experiments.
More specifically, we analyzed the cell shape before and after detachment as follows:
1. Before cell detachment, the cell triplet is considered to be symmetric with respect to the vertical plane going through the center of the middle cell, and the initial shapes of the three cells are characterized by the angles formed by the cell interfaces at their junction θ s , θ i , and ψ π ψ = − s s ( ) ( ) i f ; the radii of the cell contact r i ; and the volume V of the central cell (table 1) . The mean volume V is determined by measuring the volume of spherical cells before they are brought into contact.
To describe cell shape before detachment, we assume that all cortical elastic stresses vanish, since the cell shape is allowed to relax on a timescale longer than the typical actin cortex viscoelastic timescale, which is expected to be smaller than a minute [1] . The cell interfaces are, therefore, assumed to be under active homogeneous tension γ s , γ i and t a ( figure 4(A) ). Because the side cells are aspirated in micropipettes, we assume that their surface tension γ s can differ from the surface tension of the central cell t a . Under these assumptions, the interfaces of the side cells are portions of a sphere, while the middle cell surface is a surface of constant mean curvature whose shape satisfies equation (24) . Using experimental measurements of the cell volume V, contact angle ψ s ( ) i , and side contact radius r i (table 1) and solving the shape of equation (24) for the middle cell, we find a cell shape in good agreement with experimental observations for an end-to-end contour length μ = ± L 22.4 1 m and a mean curvature μ = ± − C 0.089 0.001 m 1 . By then writing the force balance equations at the boundaries between the middle cell and the side cell, we obtain two additional equations: . We find that both γ s and γ i have values larger than the middle cell cortical tension t a . Micropipette aspirations of the two side cells may indeed result in an increase in their surface tension, possibly due to the corresponding increase in cell surface area.
After detachment of one of the side cells, the bulge grows and reaches a maximum size,
which is stationary for about one minute, after which the bulge retracts and the middle cell adopts a spherical shape. The geometry of the middle cell cortex is quantified for the maximum bulge size. The updated angles θ′ s , ψ′ s ( ) i , θ′ i and ψ′ s ( ) f , were measured, as well Because the region of the bulge has a reduced cortex and takes a spherical shape after bulging, we neglect elastic stresses in this region and describe the bulge as surfaces under a homogeneous tension. We assume that such a description also applies to the aspirated side cell and its interface with the middle cell, with the same surface tensions as before detachment. With these assumptions, the cell pressure ′ P and surface tension in the bulge γ b can be readily obtained from the cell shapesʼ measurements. For simplicity, we set here the pressure of the fluid outside the cell P 0 to be a pressure of reference, and other pressures are expressed relative to P 0 . The pressure in the side cell is equal to the interface in between the two remaining cells, the pressure after detachment in the middle cell is
Assuming that the pressure is balanced between the body of the middle cell and the bulge, one obtains the pressure in the middle cell γ = ′ , indicating that the cortical tension in the contact zone is reduced. The region of the middle cell outside of the bulge and the remaining contact zone, called thereafter the middle cell body, is described by an active shell theory with vanishing active moments. A membrane theory alone could not account for the observed cell shape, as the shape at the transition between the middle cell body and the bulge is not continuous. It is, therefore, necessary to take into account bending moments and to introduce a normal stress t n s acting across the shell to balance the external forces. We assume that the cell shape before detachment has no elastic stress and is, therefore, the reference shape of the middle cell cortex.
To reproduce the shape observed experimentally, equations (28)-(30) are solved with a multiple shooting method [18] . Boundary conditions are specified by assuming that no external torque is applied on the middle cell body, and that forces are balanced between the middle cell and the contacting areas: γ θ ψ γ θ ψ
where the three first equations apply on the side of the remaining cell and the two last equations on the bulge side. Note that the tangential force balance on the bulge
is not included, as it is automatically implied from equation (38) and conservation of the total force acting on a plane perpendicular to the symmetry axis. Because the solution is invariant by translation, one can further impose without loss of generality that the shell point in contact with the remaining cell does not move along the z direction: Finally, cell volume conservation imposes that the variation of the volume δV enclosed by the shell, From the boundary conditions and the shape before deformation, a solution for the cell shape can then be obtained by setting
, , , and the cell volume V are extracted from the analysis of the shape before and after deformation. There are, therefore, two free parameters S t B t ( / , / ) a a that can be adjusted to fit the remaining experimental measurements. To perform this fitting procedure, we define an objective function : 
Discussion
The mechanics and deformations of thin elastic plates and shells have been extensively studied [3, 4, [19] [20] [21] . Recently, elastic shell theories have been used to describe the shape of biological objects, such as the faceting of viruses [22] or the folding of pollen grains [23] . Within the classical theory of shells, the elastic surface minimizes energy dependent on the magnitude of the deformations. Motivated by the description of the shape of biological systems that are working out of equilibrium by using the energy provided by ATP hydrolysis, we are interested here in describing active shells, taking into account the passive energetic cost of deformations, but also internal active processes, such that the equilibrium shell configurations do not necessarily minimize an energy. We have shown in this paper that active tensions and moments arise in the shell as a consequence of the distribution of active internal stress inside the shell. When the gradient of active stress across the shell becomes comparable to the mean value of the active stress, active moments in the shell have to be taken into account.
At the cell surface, the actomyosin cortex is subjected to stresses arising from myosin activity and other active processes. Precise regulation of these active stresses in space and time drives most shape changes [24] . For fast deformations, elastic stresses arise within the actin network [1] . The active elastic shell theory presented here therefore provides a valuable framework to describe short-timescale, cortex-driven cell deformations. The formation of cell membrane blebs following laser ablation of the actomyosin cortex in a rounded cell has been described by representing the cell surface as an elastic shell with active tension [25] . We show in this paper that the cell deformation following separation of adhering zebrafish embryo cells can also be understood within the framework of the active shell theory. From the analysis of the deformation, we have obtained values for the stretching and bending moduli of the cortex, normalized to the active tension of the cortex. From the ratio of bending to elastic moduli, we find a prediction for the cortex thickness of around 1.8 μm. This value is within the order of magnitude of reported values for cortex thickness, although larger values were reported for Hela and L929 cells [1, 26] . From measurements by atomic force microscopy (AFM) indentation of the surface tension of zebrafish embryonic cells ( μ = ± − t 66 21 pN m a 1 [27] ) we can also obtain a corresponding 3D elastic bulk modulus ν − = ± E /(1 ) 1900 600 Pa 2 whose order of magnitude is in agreement with previous measurements [25, 28] . Besides, the length B S / gives an estimate of the range of the deformation induced by a local force, which we find to be of the order of μ 0.53 m. Note that for the sake of simplicity, we have assumed here that active moments within the cortex can be neglected. It is unclear, however, whether such active moments are significant in the actomyosin cell cortex. Possibly, an inhomogeneous distribution of myosin concentration across the thickness of the actin cortex generates active moments. So far, current imaging resolution has not allowed us to resolve such a profile across the cortex thickness. Future experiments will have to investigate the consequences of active moments on cell mechanics.
A proper control of cellular mechanics is essential for cell and tissue morphogenesis [24, 29] . An important bottleneck in the quantitative investigation of cell mechanics is the scarcity of experimental methods for measuring cellular physical properties. Properties like cortex tension and elasticity are typically assessed by micropipette aspiration, atomic force microscopy indentation or laser ablation; all of these techniques require direct cell manipulation and are thus difficult to perform in vivo. The theory presented here provides a less pertubative way to measure the mechanical properties of the cortex of adhering cells, based on a precise analysis of cell shape changes upon detachment. The measurement relies on image analysis alone. The theory presented here can thus serve as a starting point for the development of new imaging-based approaches to investigate the mechanics of cells during cortex-driven rapid cell shape changes in vivo, including bleb formation [30] and epithelial contractions [31] .
The formalism introduced here could also help understand the deformations of epithelia during development. In epithelial cells, an actomyosin cytoskeleton is present at the apical and basal surfaces of the cell, generating active stresses [32, 33] . Apicobasal polarity could give rise to differences in actomyosin concentration across the cell height, leading to an inhomogeneous distribution of active stresses and, therefore, to active moments acting across the tissue. Apical constriction, i.e., overactivation of myosin contractility solely on the apical side of epithelial cells, has, for instance, been associated with tissue bending in Drosophila gastrulation, groove formation at segment boundaries, or formation of the morphogenetic furrow in eye disc development [34] [35] [36] [37] . In these examples, patterning by genes results in protein activation modifying the cellular generation of stress in specific regions of the tissue. In physical terms, regions of increased internal tensions and moments drive deformations of the epithelial surface. As detailed in section 2.3, the resulting amplitude and length scale of the deformation will depend on the inherent mechanical properties of the tissue as well as on the magnitude of the perturbation.
More generally, cells and tissue can establish a given shape by regulating the spatial distribution of active tensions and moments. The Green functions introduced in section 2.3 connect the shape of a thin layer of material to the distribution of stresses generated within it. Inversion of these Green functions could be used to recover the pattern of stress generated in a biological shell from its shape, provided that the mechanical parameters of the shell are known. Furthermore, our calculation of the Green functions predicts the range and shape of the deformation profile induced by a local increase of active tension or moment. This prediction could be tested through experiments, allowing us to rapidly increase myosin activity at specific locations on the cell surface. We have here limited our calculation to deformations of shells perturbed axisymmetrically; it would be interesting to obtain the response to any spatial distribution of local perturbation of the active stress and torque.
In this work, active effects have been included by adding an active stress contribution to the elastic stress (equation (1)). An alternative choice could be to impose an active strain. A decomposition of the deformation gradient into a growth-induced part and an elastic part has been proposed in [38] [39] [40] to model growth of 2D elastic tissues. It has been shown within this framework that anisotropic growth can induce structures like curling and crumpling that are observed in plants.
Finally, although the equations in this paper have been written for an elastic material, it would be interesting to express similar equations for a material with fluid properties within the surface. This requires us to keep track of the flow field within the plane, as well as the surface deformation out of the plane. Constitutive equations can be obtained by replacing the material deformation u with a velocity vector v and the elastic modulus E with a viscosity η. The surface shape then evolves according to the equation
. The expression of force balance, however, will depend not only on velocities, but also on the out-of-plane surface deformation u n . Such a fluid description would be suited to describe the long-time behavior of the shape of the cell surface. Performing detachment experiments at different speeds could allow us to explore the transition between viscous and elastic behaviour of the cortex. Such a complete description could then be applied to analyze shape changes in processes involving deformations on multiple timescales, such as cell division and cell motility. It will be interesting to investigate the effect of active moments in this limit.
Appendix A. Notations of differential geometry and force balance
In this appendix, we give definitions of differential geometries used in the text. We consider a two-dimensional surface parameterized by two coordinates s s X( , ) where the Christoffel coefficients Γ ij k are obtained from the metric by
.
The surface area element is denoted g ds ds ,
ij is the determinant of the metric.
The Levi-Civita antisymmetric tensor has the following definition: We denote ∂ i partial derivatives and  i covariant derivative, defined for a vector v i or a tensor t , ij by
The projection of a 3D tensor αβ T on the surface X defines a surface tensor T ij , such that:
where the contraction with coordinates α and β is performed with the metric of the 3D space. Finally, force balance of tensions and moments on the surface takes the form [5] Using these relations, one can obtain force and torques acting on the cross-section arising from the stress σ and relate them to the tension and bending moments acting on the shell. The force on the segment is given by
where the first equality arises from the definition of the tension tensor (equation (2)) and the second equality is obtained by a direct calculation of the force to the lowest order in h. Identification then yields the expression for the tension tensor.
The torque acting on the segment is where the first equality arises from the definition of the moment tensor (equation (2)) and the second equality is obtained by evaluating the torque on the cross-section and further expanding in lower order in z and h. Identification then yields the expression for the moment tensor
The second term in equation (B.7) can be neglected in the force balance equation compared to higher-order terms arising from the tension tensor. Therefore, we ignore it in the expressions given in the text. From the expression for the tensions and moment tensor in equations (B.6) and (B.7) and the expression for the elastic and active stresses in equations (1) and (13), one obtains the values for the tensions and bending moments due to elastic stress and active internal stresses given in equations (11), (12) and (14). In this appendix, we derive expressions for the Green functions introduced in equation (34), giving the deformation of a cylinder as a function of a perturbation in active tension or active moment. We consider a cylinder of radius R, subjected to uniform active tension t a , in equilibrium with a fluid with pressure in the cylinder P in and pressure outside the cylinder P out , such that the law of Laplace imposes − = /
. A perturbation of active stresses and torques applied to the cylinder results in a deformation that we now compute. For a cylinder, = r s R ( ) , = z s s ( ) and ψ = π s ( ) 2 , and the force balance equations (28)-(30) can be combined with the expression for the tensions and moments (20) , (21) and (33) where it was assumed that the pressure difference across the shell does not vary, so that δ = P 0, and the external tension acting on the shell boundaries is also constant. 
When the denominator of G q ( ) 1 and G q ( ) 2 is negative for a range of positive values of q, the cylindrical shape is unstable. This occurs in two different regions:
• For large positive active tension ν > − g 2(1 ), 2 an instability occurs for → q 0. This instability is related to the Plateau-Rayleigh instability caused by surface tension in fluids [10] .
• For negative active tension < g 0 and
a buckling instability occurs at the critical compressive threshold for buckling of a cylindrical elastic shell [4] . For → b 0, the instability threshold occurs for
2 ) and at the finite wavelength 4 .
We now consider the deformation induced by a localized increase in active tensions and moments in the stable region of the diagram. We write δ given by the following expressions: . As the threshold for buckling is reached, α → 0 2 and the length scale on which a deformation is induced diverges.
, the deformation is decaying as a double exponential: It is straightforward to generalize this calculation to the case of a cylinder subjected to an anisotropic active tension t a s and ϕ t a . In that case, the functions G 1 and G 2 are modified to . Finally, we note that this calculation can also be applied to obtain the Green functions for a passive cylinder subjected to an external pressure, deforming it away from its reference state. Indeed, the calculation of the Green function performed here only assumes that the cylinder is initially in a state of prestress. It is then easy to find the Green function of a uniformly deformed 
Appendix F. Sensitivity analysis
In this appendix, we detail our error estimation method and perform a sensitivity analysis of the method we use to extract the model parameters.
The mean value and standard error of the geometric parameters used to characterize cell shape are given in table 1. We start by detailing how the length L and mean curvature C of the shell in its initial resting state, before detachment, can be obtained from the measurements of the contact radius r i and the middle cell contact angle ψ i . We define the function 
